The effects of the stellar rotation and the consequent azimuthal stellar wind flow in Parker's [6] hydrodynamic stellar wind model are discussed. Of special interest is the emergence of a whole new hydrodynamic physics via a new critical point in the stellar wind flow, which supersedes the critical point in Parker's [6] hydrodynamic model. The effect of the stellar rotation is shown to cause, * the new critical point to occur lower in the corona, so the stellar wind experiences a stronger afterburner (as in an aircraft jet engine) action in the corona and also to lead to enhanced mass-loss rates;
Introduction
Stellar wind is an interplanetary continuous outflow of hot plasma from a star and an associated remnant of the stellar magnetic field that pervades the space surrounding the star. Stellar winds carry off a very negligible amount of mass from the stars while they provide (especially when magnetized) a very effective vehicle to provide angular momentum loss 1 from the stars. The extended active heating of the corona 2 (which provides for the high solar wind velocity observed at the orbit of Earth) coupled with high thermal conduction leads to expansion of the outer corona away to infinity, which seems to be adequate for weak to moderate stellar winds. However, the high speeds often observed in stellar winds do not appear to be achievable via control of conditions at the coronal base while thermal conduction does not appear to be capable of carrying sufficient energy into the corona to accelerate the wind speeds to O(100km/sec) or greater, in the case of the Sun (Parker [6] , [7] ) 3 . It is therefore believed that some additional acceleration mechanism must be operational beyond the coronal base, the understanding of which is one of the most challenging issues of stellar physics research. Parker [6] gave an ingenious stationary model for the stellar wind, which enables the stellar wind to accelerate smoothly through transonic speeds via a continuous conversion of the thermal energy in the wind into the kinetic energy of the outward flow. So, the stellar wind starts with subsonic speeds at the coronal base and expands continuously to supersonic speeds at large distances. In the case of the Sun, the existence of the solar wind was confirmed and its properties were revealed by in situ observations from satellites (Hundhausen [8] , Meyer-Vernet [9] ).
The dragging out of a protostar's magnetic field by the stellar wind leads to an enhancement of the outward transfer of the angular momentum of the protostar and hence provides a mechanism for the braking of the protostar's rotation rate -magnetic braking (Schatzmann [10] ). The corona and the stellar wind are fully ionized so the magnetic field lines, which are anchored into the coronal base, remain frozen in the stellar wind as it streams outward, and enforce a co-rotation 4 of the stellar wind as if it were a solid body out to the Alfvén radius r A (where v r = B r / √ ρ) 5 with a larger effective moment of inertia. This leads to an enhanced outward transfer of angular momentum when the stellar wind eventually escapes at great distances from the star, hence spinning the star down 6 .
1 The angular momentum loss is very crucial for a protostar because the protostar would otherwise breakup due to huge centrifugal forces at the equator that develop during the condensation process of the parental gas cloud.
2 This is believed to be caused by the dissipation of plasma waves produced by microflares in the coronal holes (Parker [1] , [2] ). The microflares constitute magnetic reconnection produced via twisting of magnetic field lines by turbulent motion of their foot points on the stellar surface (Parker [3] ). In this paper, we will not address this issue because the stellar wind dynamics is contingent only on a heated corona but not so much on the details of the heating mechanism which are not yet clear (Klimchuk [4] ). It may be mentioned that there is however some belief that the problem of stellar wind acceleration should really be considered together with the problem of coronal heating (Holzer et al. [5] ), which is however a formidable effort.
3 Thermal conduction from heat sources associated with dissipation of plasma waves at the coronal base could however generate tenuous supersonic winds (Parker, private communication, 2016) . 4 In the region r r A , the strong magnetic field forces the wind to co-rotate with the star. However, in the region r r A , with a weak magnetic field there is negligible magnetic torque to spin up the stellar wind; the angular momentum conservation in the wind then causes the azimuthal speed to decrease outward like 1/r; as a result, the rotational effects become very weak farther away from the star. The weaker magnetic field frozen in the wind is swept by the wind and is forced to wrap up in a spiral pattern in the equatorial plane (Parker [6] ). In situ observations by Mariner II confirmed that the average interplanetary magnetic field (IMF) showed this spiral structure (Ness and Wilcox [11] ).
5 Numerical simulation (ud-Doula et al. [12] ) with a dipole magnetic field showed that the Alfvén radius r A is just a little beyond the maximum extent of closed magnetic loops in the stellar magnetosphere. 6 The stellar wind is essentially captured by the stellar magnetic field and is thrown out at a great distance from the star. This process indeed caused the Sun to lose most of its initial angular momentum (the equatorial rotation speed of the Sun is Near the surface of the star, the magnetization effects in the stellar wind are small and the stellar wind follows Parker's hydrodynamic model [6] reasonably well. However, Parker's hydrodynamic model [6] yields solar wind speeds at Earth's orbit which are much lower than the values typically observed. On the other hand, farther away, the magnetization effects become strong 7 . Parker [7] therefore suggested an additional acceleration mechanism in which energy is transferred to the solar wind by magnetohydrodynamic (MHD) waves propagating away from the Sun hence accelerating the solar wind to high speeds. Besides, the observed variability (spatial as well as temporal) in the solar wind has been traced to the presence of the MHD waves in the interplanetary medium (Marsch and Tu [15] , Roberts and Goldstein [16] , MacGregor and Charbonneau [17] , among others). The MHD version of Parker's hydrodynamic model was considered by Modisette [18] , Weber and Davis [19] and Belcher and MacGregor [20] .
For moderately rotating stars, the stellar wind velocity needs to be considered both in the radial and azimuthal directions. In this paper, the effects of the stellar rotation and the consequent azimuthal stellar wind flow in Parker's [6] hydrodynamic stellar wind model are therefore discussed. Of special interest is teh emergence of a whole new hydrodynamic physics via a new critical point in the stellar wind flow, which supersedes the critical point in Parker's [6] hydrodynamic model. The present discussion puts forward detailed considerations to show that the effect of the stellar rotation is to lead to tenuous and faster stellar wind flows.
Parker's Supersonic Stellar Wind Model
Parker's hydrodynamic 8 model [6] provided an ingenious development to show that a gas flow in a perpetual divergent channel (like the interplanetary space), thanks to the presence of a retarding body force (like gravity), can evolve from subsonic (at the coronal base) to supersonic (in the interplanetary space) speeds without requiring a physical throat section (as in a typical rocket nozzle situation). In this model, the stellar wind is represented by a steady, spherically symmetric 9 flow so the flow variables are independent of time 10 and depend only on r, the distance from the star. The flow velocity is taken to be in the radial direction -either inward (accretion model) or outward (wind model). The equation of conservation of mass is
standard notation being used.
about 2km/sec) while the planets did not lose any. 7 The magnetic pressure at 1AU is comparable to the gas pressure in the solar wind, so the magnetization effects become as important as the thermal effects in the wind. Indeed, the existence of the solar wind was surmized in the 1950's as a result of the evidence that small variations in the earth's magnetic field (geomagnetic activity) were caused by observable phenomena on the Sun (solar activity) (example: aurora borealis (Birkeland [13] ), cometary tails (Biermann [14] )).
8 See Parker [7] for a justification of the fluid model, the tenuous state of the corona notwithstanding. A kinematic model is however imperative to deal with non-equilibrium particle velocity distributions and deviations from classical transport properties in space plasmas (Meyer-vernet [21] ).
9 It may be pointed out that observatons of the solar wind (Wang and Sheelay [22] ) suggested that, in reality, the stellar wind does not expand radially. Kopp and Holzer [23] proposed a rapidly-diverging coronal flow tube which widens superradially (i.e., faster than r 2 ) in some active regions like the coronal hole (confirmed by Ulysses' polar pass observations (McComas et al. [24] )). Such an arrangement has been found to lead to more tenuous and faster stellar winds. 10 In reality, the solar wind is found to exhibit a substantial time dependence, even at times of low solar activity.
Assuming the gravitational field to be produced by a central mass M, Euler's equation of momentum balance gives
M being the mass of the star and G being the gravitational constant. The gas is assumed to be a perfect gas obeying an equation of state (which replaces the energy balance equation),
R being the perfect gas constant. For analytic simplicity, the flow is assumed to occur under isothermal (T = constant) 11 conditions, so (3) becomes
where a is the constant speed of sound. For hot stars, isothermality is sustained by a strong radiation field. On the other hand the high electron thermal conductivity tends to validate this approximation for a cooler solar-type corona, the cooling down of the solar wind while expanding through the interplanetary space notwithstanding. Indeed, spacecraft measurements have revealed (Hundhausen [8] ) that the plasma temperature drops only by a factor of 10 from the inner corona to the orbit of the earth 12 . We assume next that the flow variables as well as their derivatives vary continuously so there are no shocks anywhere in the region under consideration.
Equations (1), (2), and (4) lead to
where,
11 The structure of the stellar winds turns out to be similar for isothermal and polytropic gas flows (Maciel [25] ). 12 Parker [3] showed that the isothermality assumption however turns out to be not very critical. (Parker [27] ) showed, in particular, that any temperature profile falling off more slowly than 1/r was shown to be compatible. Further, the temperature distribution only in the subcritical region (r < r * , see below) was shown to be of relevance to the existence of a supersonic stellar wind. On the other hand, this implies that some energy input is crucial for sustaining the acceleration of the stellar wind (Lamers and Cassinelli [28] ). A more sound but less well-defined approach is to use the total energy balance equation that incorporates a reasonable set of physical assumptions about the mechanisms transporting energy in the corona and the stellar wind, and in particular, includes a source term in it which accounts for all the heating due to plasma waves, turbulence and thermal conductivity. 13 If gas is assumed to exhibit instead a polytropic behavior, according to p ∼ ρ γ , equation (5) turns out to maintain its form so (6) still holds and the dynamics remains qualitatively unchanged. However, a is no longer constant but varies with r, which leads to quantitative changes in the dynamics.
Observe that, at the critical point r = r * , the gravitational energy of the stellar wind is comparable to its thermal energy, and the location of the critical point is strongly influenced by the extended coronal heating process. Equation (5) exhibits a physically acceptable smooth solution, for which, we have at the critical point r = r * , r = r * : v r = a
so the numerator and denominator in equation (5b) vanish simultaneously 14 . The solution of equation (5), upon imposing the smoothness condition (7), is If v r < a at the critical point r = r * , then according to equation (5b), v r attains its maximum at the critical point, and the gas flow remains subsonic everywhere. This is consistent with the belief that, for the case with the critical point high in the corona, most of the heating occurs in the subsonic low corona and the stellar wind turns out to be dense and slow -the stellar breezes (Leer and Holzer [30] , Pneuman [31] ). On the other hand, if v r > a at the critical point, then according to equation (5b), v r attains its minimum at the critical point and the gas flow chokes so the sonic conditions shift to the critical point. This is consistent with the belief that, for the case with the critical point low in the corona, the heating (via the dissipation of plasma waves), which provides for the additional energization of the stellar wind, occurs mainly in the supersonic outer corona 15 (as with the afterburner 14 In fact, if one assumes r ≈ r * : vr ≈ a, and hence puts y ≡ vr − a, x ≡ r − r * the local behavior of the solution, near r = r * , is given by
This leads to
which describe the asymptotes near the point vr = a, r = r * to the hyperbolas given by (8) . Physically, the branch corresponding to the + sign describes smooth acceleration of the flow through the transonic regime (M ≡ vr/a <
in an aircraft jet engine (Parker [27] )) and the stellar wind turns out to be tenuous and fast without changing the mass flux (Cranmer [32] 
The corresponding density profile, on using equation (1) reexpressed as
is given by
which is simply the one given earlier by Chapman [34] using a hydrostatic model. 16 The neglect of the radial flow and the validity of the hydrostatic model in the subcritical region r ≪ r * is underscored by the dominance of gravity there. The decrease of ρ, as per (11), faster than 1/r 2 , implies increase of v r with r, the divergence of the interplanetary flow-geometry notwithstanding, to comply with equation (10) . Thus, in the Parker hydrodynamic model [6] , the flow acceleration is compressibility driven in the subsonic region.
For r ≫ r * , (8a) indeed leads to
which implies that the radial outflow velocity increases slowly but indefinitely. This unphysical result may be traced to the assumption of isothermality of the wind (which implies an extended coronal heating and is contingent on the continuous addition of energy in the interplanetary space and would not be tenable at large distances from the star). On the other hand, using (12) , equation (10) shows that
so the density falls off algebraically, like 1/r 2 , at large distances from the star.
Effective de Laval Nozzle in the Parker Hydrodynamic Model
The continuous acceleration of the stellar wind flow, as per the Parker hydrodynamic model [6] , from subsonic speeds at the coronal base to supersonic speeds in the interplanetary space immediately leads one to suspect a de Laval type nozzle mechanism (Clauser [36] , Parker [37] ) 17 implicit in the Parker hydrodynamic model [6] . Indeed, on a superficial level, 16 The flow acceleration in the subcritical region is based on the corona strongly bound by the stellar gravity and governed by a near-hydrostatic force balance condition in this region (Cranmer [35] ). Lamers and Cassinelli [28] indeed numerically demonstrated that the corona is almost in hydrostatic equilibrium not just at its base but until close to the critical point (6) . 17 Notwithstanding the conceptual facilitation rendered by the de Laval nozzle analogy in this context, it should be pointed out that this analogy was never intended to provide a framework for serious calculation (Parker, private communication, 2016) . one may visualize an effective de Laval type nozzle associated with the Parker hydrodynamic model [6] and determine its geometry.
For a one-dimensional gas flow in a de Laval nozzle with cross section area A = A (x), we have (Shivamoggi [38] ),
IfÃ =Ã (r) is the cross section area of an effective de Laval nozzle associated with the Parker hydrodynamic model [6] , we have from equation (5a),
from which, we obtain,Ã (r) = 4πr 2 e −2r * /r 0 (1−r 0 /r) .
Comparison of (16) with (11) shows that the multiplicative correction to the divergent channel needed to yield the effective de Laval nozzle associated with the Parker hydrodynamic model [6] is just the Chapman [34] hydrostatic density profile, which encapsulates the dominant effects of gravity near the star. It is also easy to verify that the effective de Laval nozzle cross section areaÃ (r) shows a physical throat section at r = r * , as to be expected. In fact, r ≶ r * :Ã ′ (r) = 8π (r − r * ) e −2r * /r 0 (1−r 0 /r) ≶ 0 (17a) and further, r ≈ r * :Ã (r) ≈ 4πe 2(1−r * /r 0 ) r 2 * + (△r) 2 , △r ≡ r − r * .
So,Ã (r) has a minimum at r = r * , like a de Laval nozzle! However, the effective nozzle associated with the Parker hydrodynamic model [6] turns out to mimic de Laval, only in a superficial way and discrepancies arise with regard to the density variation aspect. This may be seen by noting that we have for a one-dimensional gas flow in a de Laval nozzle (Shivamoggi [38] ),
which implies, * v ≪ a :
On the other hand, we have for Parker's hydrodynamic model [6] , from equation (5b), r ≪ r * :
Using (20), we have, from equations (1) and (12),
, r ≫ r *
which implies * r ≪ r * : dρ dr large * r ≫ r * : dρ dr small (22) Comparison of (19) and (22) shows that the fluid density drops drastically in the subcritical region and essentially remains constant in the supercritical region in Parker's hydrodynamic model [6] , while the opposite is true for a de Laval nozzle. More specifically, in the de Laval nozzle, the flow acceleration is flow-geometry driven in the subsonic region while it is compressibility driven in the supersonic region, while the opposite is true for Parker's hydrodynamic model [6] .
Stellar Wind with Azimuthal Flow: Hydrodynamic Model
For moderately rotating stars, the stellar wind velocity needs to be considered both in the radial and azimuthal directions 18 . Hartman and MacGregor [40] gave a full-fledged MHD treatment for this problem. We give here a much simpler hydrodynamic treatment which indeed turns out to be adequate for this aspect. The radial component of the equation of momentum is then given by
Thanks to the co-rotation of the stellar wind enforced by the stellar magnetic field, the stellar wind exhibits a rigid-body rotation out to the Alfvén radius r ≈ r A (see also Section 5), so we may take
18 Though for the current Sun, the solar wind, thanks to the high thermal conductivity, seems to be mostly thermally driven, the solar wind was primarily centrifugal driven for the rapidly rotating young Sun (Schrijver [39] ), as with any protostar.
where Ω * is the angular velocity of the star. Using (3) and (4) further, equation (23) leads to
It may be mentioned that equation (25a) was also deduced by Hartmann and MacGregor [40] from their full-fledged MHD treatment with the apparent implication that it is an exclusive MHD result. This development obscures the essential hydrodynamic physics underlying equation (25a). The present formulation reveals that the latter is a fully hydrodynamic result barring the interjection of the stellar-wind co-rotation ansatz. We will now discuss the details of the stellar wind physics described by equation (25a), not given before.
(i) New Critical Point Equation (25a) may be rewritten as
Equation (25c) shows that the critical point in a stellar wind with azimuthal flow is given by 20 r =r ≡ (α − β)r : v r = a (26a) where the numerator and denominator in equation (25b) vanish simultaneously, so equation (25a) exhibits a physically acceptable smooth solution.
For strong rotators, γ << 1, and (26a) leads tô
19 It may be placed on record that the author became aware of the work of Hartmann and MacGregor [40] only after the present work was completed. 20 The cubic equation,
has one real root (α − β) and two complex conjugate roots (as seen from (25c)).
So, for strong rotators the critical point (26a) is essentially determined by the basic stellar parameters like the mass M and the angular velocity Ω * and supersedes the critical point (6) (that is determined by the speed of sound a in the stellar wind) in Parker's hydrodynamic model [6] . Observe that at the critical point r ≈r, the corotation speed Ω * r of a particle is equal to the circular Keplerian orbit speed GM/r 21 . So, Keplerian-orbit conditions can be expected to prevail near strong rotators.
For slow rotators γ = (a 3 /GMΩ * ) 2/3 >> 1, and (26a) leads tô
For the Sun, which is a moderate rotator, (Ω * ≈ 2 · 8 × 10 −6 rad/sec), γ ≈ 1 · 8, and (26a) gives 22r ≈ ·49r ≈ ·87r * .
So, the critical point (26a) for the Sun, upon including the azimuthal flow in the solar wind, occurs lower in the corona than the critical point in Parker's hydrodynamic model [6] 23 , and in effect, signifies the conversion of rotational energy of the star into streaming energy of the stellar wind. Further, this leads to enhancement of the mass-loss rate due to higher density in the lower corona. This shift in the critical point becomes even larger for strong rotators, for which,r < r * . As a consequence of this, the stellar wind also experiences a stronger afterburner action in the corona and turns out to be tenuous and fast (Section 2). Besides, unlike the critical point in Parker's hydrodynamic model which lies at different heights above the stellar surface in different stellar wind environments (like above solar polar caps and solar streamers), the critical point r ≈r for a strong rotator seems to be at a fixed location for a given star.
(ii) The Analytical Solution and Asymptotic Results
The solution of equation (25), upon imposing the flow smoothness condition (26a), is
For r <<r, (27b) leads to 21 This also corresponds to the balance between outward centrifugal force and the stellar gravity force. 22 If γ 3 << 1, (26a) leads to
r . 23 A similar situation is found to prevail for superradial coronal flows like those near coronal holes (Parker [37] ).
The corresponding density profile, on using equation (10), is given by ρ ∼ e 2r * /r (29) which is again the one given earlier by Chapman [34] using a hydrostatic model. For r >>r, (27a) leads to
Comparison with (12) shows that the effect of stellar rotation is to cause enhanced acceleration of the stellar wind at large distances from the star. The density profile corresponding to equation (30), on using (10), is given by
So, at large distances from the star, comparison with (13) shows that the stellar rotation causes the density to fall off faster, like 1/r 3 , than the non-rotating star result (13) .
(iii) Strong Rotators
For strong rotators (γ << 1), equation (25a) becomes
from which, upon imposing the flow smoothness condition (26a,b),
For r <<r, (33b) leads to
Comparison with (28) shows that the effect of stellar rotation is to cause enhanced acceleration of the stellar wind even near the star. The density profile corresponding to (34), on using equation (10) , is given by
which shows that, for the strong rotator case, the density, even near the star, falls off faster than (29) given by Chapman's [34] hydrostatic model. For r >>r, equation (32) leads to
Comparison of (36) with (30) shows that the stellar wind flow, at large distances from the star, is qualitatively insensitive to the magnitude of the stellar rotation.
(iv) Effective de Laval Nozzle
IfÃ =Ã (r) is the cross section area of an effective de Laval nozzle associated with the stellar wind flow, we have from equation (23),
from which, we obtaiñ
It is easy to verify that the effective de Laval nozzle cross section areaÃ (r), given by (38), shows again a physical throat section at r =r, as expected. In fact,
and further,
So,Ã (r) has a minimum at r =r, for a stellar wind with azimuthal flow, like a de Laval nozzle. It is of interest to note that the stellar rotation causes the physical throat of the effective de Lavel nozzle to become narrower, which underscores the enhanced acceleration of the stellar wind.
Discussion
Following Parker's [6] ingenious demonstration that a stellar wind, thanks to a retarding body force (like gravity), can evolve from subsonic to supersonic speeds (as confirmed by in situ observations from satellites) even in a purely divergent channel (like the interplanetary space), Parker's supersonic stellar wind model [6] has been a topic of enormous research 24 .
For moderately rotating stars, the stellar wind velocity needs to be considered both in the radial and azimuthal directions. In this paper, we have therefore made detailed considerations of the effects of the stellar rotation and the consequent azimuthal stellar wind flow in Parker's [6] hydrodynamic stellar wind model. Of special interest is the emergence of a whole new hydrodynamic physics via a new critical point in the stellar wind flow, which supersedes the critical point in Parker's [6] hydrodynamic model. The effect of the stellar rotation is shown to cause, * the new critical point to occur lower in the corona, so the stellar wind experiences a stronger afterburner (as in an aircraft jet engine) action in the corona and also to lead to enhanced mass-loss rates;
* the new critical point, for strong rotators, to occur at a fixed location for a given star, determined only by the basic stellar parameters like the mass M and the angular velocity Ω * , the variations in the stellar wind environment notwithstanding;
* stronger density fall-off and enhanced acceleration of the stellar wind at large distances from the star -this effect materializes even near the star, for strong rotators;
* the physical throat section of the effective de Laval nozzle associated with the stellar wind flow to become narrower, indicative of an enhanced flow acceleration;
and hence to lead to tenuous and faster stellar wind flows without change in the mass flux. It may be pointed out that the extended active heating of the corona may be represented in a first approximation by using the polytropic gas relation p ∼ ρ α , where α < 5/3, the value corresponding to an adiabatic process (Parker [43] ). The generalization of the present formulatons and results for polytropic gas flows will be reported separately. Finally, the stability of the steady solar wind solutions discussed above is an important question and some attempts, particularly on the hydrodynamic model, have been made (Jockers [44] , Velli [45] ) and Parker's [6] supersonic stellar wind solution appears to be the only stable solution among all other stellar wind solutions (Velli [45] ) 25 . Besides, the distances of the stellar objects and the difficulty in accessing even the solar coronal base conditions render the observation at this time insufficient to fully corroborate a particular proposed acceleration mechanism for the stellar wind.
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